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Higher-Order Numerical Model for Simulation
of Time-Dependent Variable-Density Flows

Jyh-Cherng Sheu* and Lea-Der Chen®
University of lowa, lowa City, lowa 52242-1527

A numerical model, first-order accurate in time discretization and second-order accurate in space discretization,
is presented for the simulation of time-dependent laminar diffusion flames. The numerical model uses a semi-
implicit scheme for time marching and incorporates flux-corrected transport (FCT) for convection terms and
projection method for velocity-pressure coupling. A direct solver is used for solving the pressure Poisson equation.
A time-splitting method is adopted to split the transport equation into a convection equation in explicit form and a
diffusion equation in implicit form. The explicit convection equation allows for implementation of the FCT without
introducing an artificial viscosity. The implicit diffusion equation removes the time step size restriction of the von
Neumann stability criterion. Theoretical assessments are derived for the order of accuracy of time difference by
viewing the projection method as alower-upper decomposition, and formulation is also given to establish the second-
order accuracy. The current numerical model is used to solve the Smith—-Hutton problem and the Burke-Schumann
diffusion flame with or without external forcing of the fuel jet. The results are compared with solutions using the
schemes of lower-order accuracy in the space discretization. The comparison shows that significant numerical
diffusion error exists in the solution when a first-order upwind difference scheme or power-law approximation is
used. The present study suggests that a higher-order space difference scheme should be used for the simulation of

time-dependent laminar jet diffusion flames, although a first-order time difference scheme would be adequate.

Nomenclature
= coupling function; Eq. (7)
= specific heat
= binary diffusion coefficient
= diffusion number; Eq. (25)
= fuel oxidant ratio; Eq. (7)
= acceleration of the gravity
= total enthalpy; Eq. (8)
= thermal enthalpy
= convection operator; Eq. (10)
= diffusion operator; Eq. (10)
= Lewis number
= number of species
= Peclet number
= pressure
= Reynolds number
= Richardson number
= radial coordinate
= source term
= time
= axial velocity
= radial velocity
= axial coordinate
= diffusivity; Eq. (2)
+; = enthalpy of formulation of ith species
' = thermal conductivity
= dynamic viscosity
= density
= scalar
= generic variable; Eq. (21)
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Subscripts

Fy = initial fuel stream
i = species I
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m = mixture

Ow = initial oxidant stream

0 = reference state

Superscripts

n = time step

* = intermediate value; Eq. (15)
* % = intermediate value; Eq. (21)

Introduction

HE accuracy of a numerical model is central to the interpreta-

tion of the results. To improve the accuracy associated with
truncation error in the discretization of the governing equation,
smaller time-step and/or finer grid resolutions can be used. The
computational time, however, increases as a result of the refinements
of temporal and grid resolution. An alternate to finer discretization
is to adopt a higher-order accurate numerical scheme. The higher-
order accurate schemes (e.g., order higher than 1), however, are
also known for the tendency to produce nonphysical dispersions
or oscillations in the solution. The numerical diffusion and oscil-
lation errors can artificially suppress or amplify the instabilities in
an unsteady or time-dependent flow; thus, it may overwhelm the
physics of the fluid flow or the heat transfer being studied. There-
fore, the robustness of a numerical model is of particular importance
to the simulation of time-dependent flow. In this paper, a higher-
order accurate numerical model with an oscillation-free solution is
presented. The robustness of the current numerical model is demon-
strated in the simulation of a time-dependent axisymmetric laminar
jetdiffusion flame. The diffusion flame example is chosen because of
the sharp variations in such properties as density, specific heat, vis-
cosity, and thermal conductivity near the stoichiometric (or flame)
surface, which present a stringent test case for the numerical model.
There exist several investigations on the dynamic characteris-
tics of laminar jet diffusion flames based on numerical investiga-
tions. For example, an explicit time difference scheme, along with
quadratic upwind approximations for the convection term, was used
in the study of the dynamic structure of a buoyant jet diffusion
flame.'=* The order of accuracy of the numerical model in Refs. 1-4
is temporally first order and spatially second order. The second-order
approximation adopted the QUICK scheme® and the central differ-
ence for the convection and diffusion terms, respectively. Although
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the simulation results of Refs. 2—4 are verified by experimental
data, the QUICK scheme does not guarantee monotonic and stable
solutions, as has been shown by Sharif and Busnaina® and Sharif.”
The QUICK scheme has a tendency to produce overshoots and un-
dershoots in the solution (or nonphysical dispersions); the solution
therefore may be contaminated. The computational effort is also
expensive. To improve the computational efficiency, Wu and Chen®
used power-law approximations to replace the QUICK scheme in
the numerical model of Ref. 2. This modified numerical model®
was able to reproduce the dynamic characteristics of the near-
laminar, nitrogen-diluted propane jet diffusion flame,>* as well
as the flicker frequency of an experimental, time-dependent wick
diffusion flame.? The order of accuracy of the numerical model of
Ref. 8 was temporally first order and spatially “neatly second order”
because the power-law scheme combines the first-order upwind and
second-order central difference in the discretization. The power-law
approximation does not guarantee second-order accuracy of the so-
lution because it becomes a first-order upwind scheme when the grid
Peclet number exceeds 10; thus, the power-law scheme is known for
possible numerical diffusion error in the solution; e.g., see Ref. 9.

To study the effects of gravitational force and nonunity Lewis
number on laminar jet diffusion flames, Katta et al.!’-!! used the
implicit time marching and the hybrid and QUICKEST schemes in
the numerical model. The hybrid scheme was taken from Spalding'?
and was used to treat the convective transport of scalars (i.e., species
and energy). The QUICKEST scheme® was used for the convective
transport of momentum. The implicit time marching removed the
time-step limitation of Courant-Friedrichs—Lewy (CFL) condition
and improved the computational efficiency. However, linearization
of the convection term in the implicit scheme has implications on the
order of accuracy of the solution. The order of accuracy of a hybrid
scheme is not unconditionally second order; the scheme becomes
first-order upwind when the grid Peclet number exceeds 2. The
QUICKEST scheme is spatially second-order accurate; however,
it does not guarantee monotonic and stable solutions. The order
of accuracy of the numerical model of Refs. 10 and 11 is therefore
temporally first order and spatially nearly second-order. To remove
the nonphysical oscillations produced by higher-order schemes, the
flux-corrected transport (FCT) developed by Boris'> and Boris and
Book'* has been successfully incorporated in the simulation of jet
diffusion flames.

The FCT algorithm is an explicit finite difference scheme. The nu-
merical time step is limited by the speed of sound based on the CFL.
condition. This restriction makes the computation of a slowly time-
evolving flow extremely expensive.”® To remedy this deficiency,
Patnaik et al.'® developed a “barely implicit correction” algorithm
for the flux-corrected transport known as the BIC-FCT. The BIC-
FCT takes a novel approach on time difference. In short, only the
terms containing pressure in the momentum equations and velocity
in the energy equation are treated by implicit scheme. Therefore,
the numerical time step restricted by the CFL condition is based on
the fluid velocity, not the speed of sound. As a result, the time step is
shown to increase by 50 times.!¢ The order of accuracy of BIC-FCT
is first order in time differencing, and higher order in space differenc-
ing can be obtained without nonphysical oscillations or dispersions
in the solution. The BIC-FCT is successfully used by Ellzey et al.'’
and Kaplan et al.'” for simulation of the time-dependent jet diffu-
sion flame. The diffusion term is treated explicitly, and the restriction
of the von Neumann stability condition resulting from the explicit
treatment is relaxed by subcycling the diffusion subroutine.'>-!7

For an explicit time-marching scheme without subcycling for
the diffusion term, the time-step restriction as a result of the von
Neumann instability criterion may be more rigorous than that im-
posed by the CFL condition, depending on the Reynolds number and
geometry of the flow. Generally, a more stringent von Neumann sta-
bility condition is required for internal flow calculations. The time-
step restriction as a result of von Neumann or CFL constraints can be
relaxed if a fully implicit time difference scheme is used. The fully
implicit scheme, however, has its own drawbacks. For example, the
computational effort could be overwhelming because of the iterative
predictor-corrector procedure in the updating of nonlinear convec-
tion terms. Therefore, a semi-implicit scheme is appealing for the
simulation of diffusion-dominated flows (or convection-diffusion

flows to a lesser degree) because it does not require the use of an
iterative procedure to update the convective flux; the von Neumann
constraint is relaxed.

In this paper, we present a semi-implicit numerical scheme for
simulation of the time-dependent variable-density flows. A low-
speed laminar jet diffusion flame is used as an example. The nu-
merical code adopts an explicit scheme for the convection term
and an implicit scheme for the diffusion term. Thus, the code al-
lows for the implementation of FCT independent of the difference
schemes used for the diffusion term. Both first- and second-order
schemes for space discretization are used to illustrate that numer-
ical diffusion error as a result of a first-order upwind scheme can
severely contaminate the solution. The temporal accuracy is evalu-
ated from theoretical considerations. Because the projection method
is used for the velocity and pressure coupling, additional assessment
of the order of accuracy is necessary in solving the pressure Pois-
son equation. Namely, when one views the projection method as a
lower-upper (LU) decomposition, the order of accuracy can accord-
ingly be assessed. The objectives of this paper are 1) to present a
numerical model for the simulation of low-speed, time-dependent,
and variable-property flows, 2) to estimate the order of accuracy
when the projection method is used and variable properties are fully
accounted for, and 3) to illustrate the effects of the order of accu-
racy on the simulation. A wall-bounded jet diffusion flame of the
classical Burke—Schumann diffusion flame (BSDF)!® is used as an
example of the variable-property flow, and a low-frequency periodic
perturbation (e.g., 1 or 2 Hz) is imposed on the fuel-jet exit velocity
to introduce unsteadiness in the flow.

Mathematical Formulation

The mathematical formulation is based on the time-dependent ax-
isymmetric variable-density flow, and variable properties are fully
accounted for. The major assumptions are negligible radiative heat
transfer and viscous dissipation, low Mach number, and laminar
Newtonian flow. Based on these assumptions, the numerical model
solves the transport equations for the conservation of mass, scalar
(i.e., energy or species), and momentum. The dimensionless equa-
tions are summarized next.

Continuity:
a(rp) | d(rpu) = 3(rpv)
=0 i
at + ax + ar M
Scalar:
20pd) | B0pud) | drov)
Jt dx ar
3] Bl d ¢
= —(rly,— — | ry, — S, 2
ax<’ ¢'8x>+3r(r¢f)r>+¢ @
Momentum:
d(rpu) + d(rpuu) + a(rpvu)
at ax ar

ap 13/ 4pou ] ou
= —r—+——\r—— — — S, (3
’ax+Re[ax(’ 3 ax)+ar<”‘ar>}+ ©)
d(rpv d(rouv d(rpvv
((p)+«(p )+<(p )
at ox ar

ap 1[0 av d ( 4p dv
=—r— 4 —| — - —r—— S, 4
r(’)r+Re[Ox(”L8x)+3r(r3 Or)]+ @

The model parameters I" and S are

Fpr = T4 = (1/Pe)(k/Cp) when d=h
gy =Ty = (1/PeLe)pD when o=Y;
Ly & ra Ah(},i

Sy = ——o L
? “ho

when ¢=nh
polo

Ss = (Lo/ poUp)rw; when =Y
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In the preceding equations, # and v are the velocity components
in the x and r directions, respectively, w; is the mass reaction rate
of species i, and Y; is the mass fraction of species i. The transport
equations are normalized by characteristic length Ly, velocity U,
pressure oy U7, and enthalpy hy, along with reference properties of
Pu, 1o, Cpy,and Dy. The resulting dimensionless parameters are the
Reynolds number, Peclet number, Lewis number, and Richardson
number, respectively, defined as

UyL UyLypoCp
Re — polo n’ Pe = oL0pPoC Po
Mo Ko
K L
Le=—t Ri =8
20CpoDy Ug

A flame-sheet model is used to calculate the thermochemical
properties of the flame, and the ideal gas assumption is invoked.
The flame-sheet model assumes an infinitely large Damkohler num-
ber (i.e., fast chemistry), equal diffusion coefficients for all species,
and a unity Lewis number for the mixture. It is further assumed
that the flame is adiabatic, and a one-step irreversible chemical re-
action occurs in an infinitely thin region with CO; and H,O being
the only combustion products. With these assumptions, the Shvab-
Zeldovich formulation'® can be used; namely, a single conserved
scalar, or the mixture fraction, is used to combine the energy and
species equations. The mixture fraction is defined as

f . [b]m - [b]Ox

== 5
Blr. — [Blo. ®

or
f_ [H]m —[H]Ow (6)
| [H]r, — [H]o.
where subscripts st, m, Oy, and Fy, denote the stoichiometric con-
dition, the local mixture condition, the oxidant stream at x = 0 and
r = o0, and the fuel stream at x = 0O, respectively. Parameters b
and H are defined as

b=Yr—(F/0)Yo (7

N
H=h+Y YiAhY, (8)

i=1

When Eq. (2) is used to solve the transport equation of the mixture
fraction, the corresponding model parameters are

Do =Ty, = (1/Pe)(k/Cp) Sp=0

To account for the temperature-dependent property variation (i.e.,
density, specific heat, viscosity, and thermal conductivity), we
adopted the property correlations used in Ref. 20 for the calculation.

Numerical Method

The current numerical method employs a finite volume formula-
tion, staggered grids, and semi-implicit time marching. A projection
method is used for the velocity and pressure coupling, and the resul-
tant pressure Poisson equation is solved by a direct solver. To reduce
(or eliminate) spurious oscillations in the solution, FCT is applied to
the convective flux. Based on staggered grids, the velocities are de-
fined at the surface of the finite volume, and the scalar quantities (i.e.,
mixture fraction, pressure, thermodynamics, and transport proper-
ties) are defined at the center of the finite volume. The advantage
of using staggered grids is that the pressure boundary condition is
not required.?! 22 The pressure boundary condition can be replaced
by specifying the velocity components normal to the boundary.
The semi-implicit scheme treats the convection and source terms

explicitly and the diffusion term implicitly. Depending on the ex-
plicit or implicit schemes uscd in the discretization of convection
and diffusion terms, a higher-order accurate numerical model can
be derived as discussed in the following.

Using the solution at the previous time step for the conveclion
and source terms, and that at the current time step for the diffusion
term, the discretized transport equations, i.e., Eqs. (1-4), assume
the following form.

Continuity:
(],p)nfl _ (l”/))" a(rpu)n«i-l 8(1’,01))”+|
+ =0 9
At dx + ar ®)
Scalar:
r n+1 r n
( /0¢) N ( pd)) +J(rpl1¢77) — L¢(rpr1+l¢n+l) (IO)
Momentum:
rou 41 u)!
o = OO
,) n+ |
ap
:—I’<J*> +L”(rpn+lun+|)+sl/: (11)
dx
n+l _ . n
(rpv) - (rpv) T
,) n+!
ap
— —I”((—]> +LU(],[)/1+IUH+1)+S:Z (12)
ar
where
d dJ
J=— -
SXM + r‘)rv
L'E) 1’K(J1+<') rok 01
? 7 9x\ Pe Cpaxrp ar\ Pe Cp dr rp
dJ ro4p a1 d(r a3 1
L=\ )t o —
dx \ Re 3 dxrp dr \ Re" dr rp
and

il

dJ r J 1 a(r 4 d 1
. pr—— )+ = —=— =
dx \ Re dxrp or\ Re 3 drrp

In the preceding equations, subscripts n and n + 1 denote variables
evaluated at the previous and current time steps. The scalar quantity
¢ in Eq. (10) represents the mixture fraction in the current numerical
model, whereas energy or species concentration can be used for ¢
when finite rate chemistry is considered.

The pressure gradient terms in Egs. (11) and (12) remain un-
known and need special treatment. The velocity and pressure cou-
pling is solved based on the projection method (or the fractional
step method). Following Perot,* the projection method is viewed
as an LU decomposition instead of the time splitting of Kim and
Moin.** For example, Eqgs. (9), (11), and (12), along with respective
boundary conditions, can be cast into the following matrix form:

0 s 3
"ox i'(rpu)”““
0 AU 1‘_(1 (I.pv)/1+|
ar L 1|

P
J 3
I ()J

dx  dr

St —J(rp"u") BC,
= St~ J(rp"v") + | BC, (13)
—r/AL(p" T = p") BC,
where
A, = (1/AnD( — ArL) (13a)
and

Ay = (1/AD(1 — AtL,) (13b)
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The right-hand side of Eq. (13) contains all of the quantities that are
already known. The first matrix in the left-hand side of Eq. (13) can
be approximated as a multiplication of two submatrices, yielding

All O O
0 A, 0
J 3] bl i 3] d
— = | =B )+ (B
ax o [Hx( ’ ax> + m( ! m)}
1 0 B 9
ura (l’pM)” -+
J n+1
X | Bl,r~(— (rpv)
ar pn+l
LO 0 1 J
St — J(rp"u") BC,
= Sy = J(rp"™v") + | BC, (14)
_],./Al(*pn+! _p/l) BC/,

The truncation errors are, respectively,

d N

(A,B, — Dyr—p" and (A,B, — yr—p
adx ar

for axial and radial components of the momentum equation. The

order of the truncation error can be determined by properly assigning

values to B, and B,. For example, when one sets B, and B, to Ar,

the truncation errors are, respectively,

] il
—AtL, r—(—p”+I and — AL, r‘—{~p”“
dx Jdr

The discretized approximation is therefore first-order accurate in
time discretization.
Using LU decomposition, Eq. (14) is factored into

A 0 0

" ro)' [
0 A, 0 [( Py u w

(rp)” 4 lv*
a0 YRRV N L - J
. AL 1 Ao ul T o ol T
dx dr dx adx or ar !
I' Sn _ j(',O” ) _1 l’BCH—l
= St~ J(rp"v") + | BC, (15a)
—l"/Al‘(,D”+l _pn) BC/,

and

0
10 B,,I"a ((i‘pu)” ‘rl—| l’(’.p)n+1M*“
3 | o)t =) (15b)

0 1 Byor— ot J

ar L pr!
)

The intermediate velocities u* and v* are solved from Eq. (15a). The
boundary conditions are already implemented before LU decompo-
sition takes place [cf. Eq. (13)]; therefore, the LU factorization does
not need additional boundary conditions during the solution for in-
termediate variables or pressure.

Substituting A, and A, from Egs. (13a) and (13b) into Eqs. (152a)
and (15b), one obtains thc ollowing set of equations:

0 0

R 7L Y ”n
(I[)) u (II)M) + J(l‘/)”l/{”) — L”(f/)” Fl *) + 5n (16)

At
nbl /1FI A)7H+I
(rpu) (rp) _ ﬂy/‘ 4 (a7
At dx
(],.p)lH-l t - ('va)” no.n n+l n
N +Jrp"v") = L (rp" v+ 8, (18)
(l",OU)”JrI - ("0)”+|U* (")])/'[+1

= — 19
At " Jar {9)

as well as the pressure Poisson equation

R 7 (,0” 1 /)”) 1 3 ) 19
v2 711%1: + r et b _ n 1 s
! A ax P et

Ar?
(20)

The spatial accuracy of the current numerical modet depends on the
specific schemes used to discretize the spatial derivatives in Egs.
(10), (16), and (18). If a lower-order scheme is used, a finer grid res-
olution is necessary to reduce the numerical diffusion error. When a
higher-order scheme is used, special ctforts are warranted to reduce
or prevent nonphysical dispersions or oscillations in the solution.
The current semi-implicit numerical model adopts the FCT correc-
tion for the convective flux. The FCT scheme was initially devel-
oped for explicit schemes. The coupling to a fully implicit scheme
is reported in a recent study of the vortex and diffusion flame inter-
action by Laverdant and Candel.? Tt was also cautioned®” that the
simultaneous use of an alternating direction implicit (ADI) scheme
and a diffusion-antidiffusion filter may introduce an artificial vis-
cosity; therefore, the model accuracy may be contaminated. The
time-splitting method is used in the current numerical model to re-
move the artificial viscosity.

Using the time splitting, the transport equations, i.e., Egs. (10),
(16), and (18), are split into two subequations. The convection equa-
tion is cast into an explicit form and the diffusion equation into an
implicit form:

(l’p)”+ [W** - (,,.pw)n
At

(l’/))” Q—Iw* _ (",0)” —rlw**
Ar

where { denotes ¢, u, or v, and when ¥ = ¢, superscript * is set to
1+ 1. Inthe current numerical code, we adopted the FCT developed
by Zalesak? for the convective flux in Eq. (21), along with QUICK
scheme to be our higher-order (i.c., second-order) discretization.
The current numerical model! is coded such that the QUICK scheme
can be substituted by first-order upwind or higher-order schemes,
independent of the treatment of the diffusion term. The diffusion
term in Eq. (22) is discretized using a second-order central differ-
ence, which has a stabilizing effect on the solution. The ¥** valuc
obtained using the FCT is treated as the source term in Eq. (22),
which is solved by the ADI method.

F "y = 8, @2n

— Ll//(rp/1+{,(//*) (22)

Temporal Order of Accuracy
Higher-order temporal accuracy can be achieved using the cur-
rent numerical scheme. For example, the first-order time discretiza-
tion of the continuity equation can be replaced by a second-order
implicit Crank—Nicolson,”” and the first-order time discretization
of scalar transport (e.g., transport of mixture fraction, energy, or
species concentration) can be replaced by a second-order explicit
leapfrog-trapezoidal scheme? for the convection term and a second-
order implicit Crank—Nicolson®’ for the diffusion term. Similarly,
the momentum equation solver can be made second-order accurate
by adopting a sccond-order explicit Adam—Bashforth scheme? for
the convection term and a second-order implicit Crank-Nicolson?’

for the diffusion term. Equation (13} then becomes

a
A,l 0 F—
()‘ (/'[)M)” bl
P
0 A, r— || pu)"t!
ar D
3] J P
= 2 0
dx

S”‘—*/(I/)” n)+_/(//)n lln— )+ L”(l/?” u)
5:‘1 _ %1(/[)“1)”)+—I(I/)”ill” 1)+ L ]/)n u)
2,,.

d d
ek 7 won non
t(ﬂ —p)—[() (/pu)+) Iﬂl)}

BCH
+ | BC. (23)
BC,
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where

Ay = (1/AD[1 — (At/2)L,] (23a)
and

Ay = (1/AD[1 — (At/2)L,] (23b)

The coefficient matrix of Eq. (23) has the same form as that of Eq.
(13); therefore, the truncation error remains the same. Conversely,
the truncation error is (A, B, — Dr(3/9x)p"*' and (A,B, —
Dr(d/3r)p"*" for the axial and radial components of the mo-
mentum equation, respectively. A proper choice of B, and B, is
necessary to maintain the temporal second-order accuracy because
of the usage of the projection method for the pressure and velocity
coupling. Without properly prescribed B, and B,, the overall order
of accuracy will deteriorate regardless of the order of accuracy of
the time difference scheme that is used. To obtain the second-order
temporal accuracy, B, and B, are specified to be

B, = At{l + (AI/Z)L”]
and
B, = At[l + (A1/2)L,] 24

The resultant truncation errors as a result of factorization are, re-
spectively,

A2 (D Ar? 9
R 4 RSV d ____LZ o+l
4 “(r 3’ an g o\"o !

consequently, the second-order accuracy is achieved in the time
difference.

When the numerical model is made temporally second-order ac-
curacy, the computational efficiency is greatly compromised be-
cause of the direct solver used for the pressure Poisson cquation.
The current numerical model requires that the coefficient matrix
of the direct solver [cf. Eq. (20)] be calculated only once. When
the second-order accuracy is considered for time discretization, the
coefficient matrix needs to be updated for each time step; the time-
varying viscosity thatappearsin L, and L, needs to be updated when
B, and B, are substituted into Eq. (15). The CPU time required for
calculation of the coefficient matrix is too demanding for the current
numerical model (also see discussions in Refs. 1-4, 8, 10, and 11).
Thus, second-order accuracy in time difference is not used. The use
of the first-order accurate schemes for time difference is justified
based on prior validations of the first-order schemes for the simula-
tion of time-varying, laminar jet diffusion flames.' ~*%!1%11 When an
infinitely fast chemistry assumption is invoked, the simulation usu-
ally requires a time step ot 0.1 ms. This time step size is sufficient
to capture the dynamics of a laminar flame. A much smaller time
step is needed when finite rate chemical reactions are considered.
Thus, the current numerical model adopts a first-order scheme for
time difference, although a higher-order scheme is presented. The
solution procedure of the current numerical model first solves ¢ at
the beginning of each iterative time step. Intermediate velocities u*
and v* are calculated from Egs. (16) and (18) and substituted into
the right-hand side of Eq. (20) for calculating the velocity-pressure
coupling or solving the pressure Poisson equation. Finally, the ve-
locities at the current time step are updated by Eqgs. (17) and (19).

Model Verification and Assessment

Smith-Hutton Problem

The numerical model is used to solve the Smith~Hutton problem?
to test the coupling of the semi-implicit scheme with FCT and to
assess the numerical diffusion error. The Smith—Hutton test case
(Fig. 1), which has been used for comparative evaluation of numeri-
cal schemes by Smith and Hutton® and Sharif,” yields solutions with
flow recirculation and sharp changes of convected variables over a
short distance. Thus, it is meaningful to use the Smith—Hutton prob-
lem to assess the numerical diffusion error. The Smith—Hutton test
case solves the following (dimensionless) elliptic equation:

] 3 1 [9? 3’
W20 00 L (Ve 00 25)
dx dy D; \ 3x2  dy?

.

INLET OUTLET

Fig. 1 Schematic of the Smith—-Hutton problem.

22 : i : :
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Fine-Grid Solution of 7 Yy} Fine Grid (401x201)
Smith and Hutton, 1982 ,
= 1 | i
9 QUICK
0.6} "3‘/ 4
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. ——
a) ‘02 1 1 1 1
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Fig. 2 Comparisons of solutions at the outlet for the Smith-Hutton
problem using a) different numerical schemes and b) first-order upwind
scheme and different grid distributions.

where D; is set to 10% and « and v are prescribed to be

u=2y(l —x? v=—2x(1 -y} (26)

The boundary conditions are, for y = 0and —1 < x < 0 (inflow),
¢ = 1 +tanh[102x + 1)] (27)

andfory = land —1 <x < l,x = —land0 < y < 1, and
x=land0 <y <1,

¢ = 1 —tanh(10) (28)

To be consistent with the semi-implicit feature of the current nu-
merical model, the solution procedure adopts an explicit scheme
for the convection term and an implicit scheme for the diffusion
term. Three numerical schemes are tested: 1) the first-order upwind
difference, 2) the QUICK scheme, and 3) the QUICK with FCT.
A standard uniform grid distribution of 40 (x direction) by 20 (y
direction) is used. The predicted profiles at the outflow section are
compared with the fine-grid solution of Smith and Hutton® and
the fine-grid solution of the current numerical model using the grid
distribution of 401 (x direction) by 201 (y direction), Fig. 2. The
fine-grid sotutions of the current numerical model using the QUICK
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and QUICK with FCT are nearly identical and are in excellent agree-
ment with the fine-grid solution of Smith and Hutton (Fig. 2a). Rea-
sonable agrecment is obtained for the standard-grid solutions based
on the QUICK and QUICK with FCT; however, overshoots and
undershoots or spurious oscillations are seen in the solution when
FCT is not applied. Figure 2a also shows significant numerical dif-
fusion error in the solution based on the first-order upwind scheme.
The numerical diffusion error progressively reduces when finer grid
resolutions are used (cf. Fig. 2b); however, significant numerical
diffusion error still exists even when the fine grid resolution of 401
by 201 is used. In Fig. 2a, the fine-grid solution of the current nu-
merical model is also plotted as a reference for comparison. The
Smith-Hutton test case, therefore, validates the implementation of
the semi-implicit scheme in the current numerical model; the results
suggest that a second-order scheme with FCT is desired for space
discretization for prediction of the convection-dominated flow.

Grid Resolution

The numerical model is tested with the simulation of a ducted,
axisymmetric jet diffusion flame of the classical Burke—Schumann
configuration.'® The computational domain covers a region of 500
mm in the x direction and 75 mm in the r direction. The burner
(5 mm in diameter) is located at the center of the duct and is fueled
by pure methane. The fuel and coflowing air are separated by an
infinitely thin wall at the inlet and are maintained at 0.4 m/s for
the steady and perturbed flame calculations. The Reynolds numbers
based on standard-state fuel and air properties and hydraulic diam-
eters are 1.45 x 10% and 3.700 x 10 for the fuel and air flows at the
inlet, respectively. The computational domain and the standard-grid
distribution of 120 (axial) x 60 (radial) are shown in Fig. 3. Note
that only every other grid lines in the axial and radial directions
are plotted; a quarter of the grid lines are shown. The computation
uses a symmetric boundary condition for the centerline, a no-slip
and impermeable wall for the outer boundary, prescribed values for
the inflow condition, and a zero second-derivative for the outflow
boundary. Still air is assumed to be the initial condition for the
computational domain unless specified otherwise.

The uncertainty as a result of grid resolution in the calculation of
the steady Burke—Schumann ditfusion flame is examined. Four grid
distributions are used: 120 (axial) x 60 (radial), 150 x 60, 180 x 75,
and 200 x 75. The 120 x 60 s the standard grid distribution; the 150 x
60 refines the axial grid resolution near the flame tip to that equal to
one-quarter of the standard resolution. The 180 x 75 refines the grids
in both the axial and radial directions of the standard distribution.
The 200 x 75 further refines the axial grid resolution of the 180 x 75
distribution at locations near the flame tip; a reduced grid size by
50% is obtained. A steady-state or stationary {lame is predicted using
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grid distributions.
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Fig. 5 Comparison of the predicted stoichiometric surfaces of BSDF
with fuel and air inlet velocities equal to 0.4 m/s.

the four grid distributions, consistent with experimental observation.
The uncertainty as aresult of grid resolution on the prediction of flow
or flame development is illustrated by the prediction of the centerline
mixture fraction shown in Fig. 4. Nearly identical mixture-fraction
results are obtained for solutions using the four grid distributions.
The uncertainty as a result of grid resolution on the predicted flame
shape or the stoichiometric surface is illustrated in Fig. Sa. The
refinements of the axial grid resolution near the flame tip do not
change the prediction of the flame or flow development or the flame
shape. Quantitatively, the predicted (Tame length is 90.3, 88.6, 91.3,
and 91.5 mm for grid distributions of 120 x 60, 150 x 60, 180 x 75,
and 200 x 75, respectively, in agreement with the measured luminous
flame length of 91 mm. The uncertainty as a result of grid resolution
in the flame length prediction using the standard-grid distribution
is £1 grid resolution or =3 mm, and the use of the standard-grid
distribution of 120 x 60 is judged to be adequate for the condition
and the grid distributions examined.

Spatial Order of Accuracy

The importance of the spatial order of accuracy in the simulation
of the Burke-Schumann diffusion flame is examined using four dif-
ferent numerical schemes: 1) the QUICK scheme with FCT (current



2096 SHEU AND CHEN

numerical model), 2) the QUICK scheme without FCT, 3) the first-
order upwind, and 4) the explicit scheme with power-law approxi-
mations (i.e., the scheme adopted from Ref. 8). The grid distribution
used is the standard 120 x 60. The marching time steps are set to 125
and 25 us for schemes 1-3 and scheme 4, respectively. As an exam-
ple, the effects on the flame shape prediction are illustrated in Fig. 5b;
nearly identical flame length and shape are predicted by scheme 1,
denoted by QUICK & FCT, and scheme 2, denoted by QUICK. A
slightly shorter flame length and a narrower flame width are pre-
dicted by scheme 3, denoted by First-Order Upwind, and scheme 4,
denoted by Power-Law Approximation. The prediction of shorter
flame length and narrower flame width appears to be a result of the
numerical diffusion error as a result of the lower-order accuracy in
the space discretization of the upwind scheme and power-law ap-
proximations. The computational efficiency of the current numerical
model, scheme 1, is improved by a factor of 3 compared with that
of scheme 4, or the explicit scheme of Ref. 8. The improvement is a
result of the implicit treatment of the diffusion equation, removing
the restriction set by the von Neumann stability criterion. A 10-fold
increase of marching time step can be used in the current numerical
model.

A time-dependent laminar ditfusion flame is introduced by arti-
ficial forcing of the fuel jet at the inflow boundary, i.e., at x = 0
mm. A low-frequency, sine wave perturbation at 1 or 2 Hz with an
amplitude set to 100% of the mean velocity value is applied. The I-
or 2-Hz perturbation is chosen because the experiment conducted
in our laboratory* shows high-frequency oscillations around 20 Hz
when the fuel-jet velocity of the BSDF is perturbed at these frequen-
cies. The numerical schemes tested for the steady flame calculation
(Fig. 5b) are used to illustrate the effects of the spatial order ot accu-
racy for simulation of the time-dependent laminar diffusion flame.
The steady-state solutions of each numerical scheme are used as
respective initial conditions for the time-dependent calculation.

A fundamental flame response is predicted by the four numerical
schemes test; namely, the flame exhibits the same frequency as the
imposed forcing frequency in such quantities as flame length, tem-
perature, mixture fraction, and velocity. For example, the predicted
flame length response during the initial or transient period of the
forcing is shown in Fig. 6. A 2-Hz periodic perturbation is applied.
The simulation shows a large-amplitude oscillation in response to
the forcing, and the oscillation continues beyond the initial period
shown by the figure. In addition to the fundamental response, the
current numerical model and the QUICK scheme predict higher-
frequency components (i.e., frequency higher than the imposed per-
turbation frequency) that superimpose on the fundamental response
of the flame (cf. Fig. 6). The high-frequency components are not
spurious oscillations because this is also observed in the experiment
of Ret. 30.

The effects of time resolution on the simulation are illustrated in
Fig. 6a. Two marching time steps of 125 us (standard) and 25 us
(refined) are tested. A nearly identical fundamental flame response
is predicted, and a slight phase shift in the high-frequency flame re-
sponse is observed. The effects of grid resolution on the prediction
are examined. Two grid distributions, the standard 120 x 60 and the
refined 180 x 75, are used. Similar to the time resolution test, the fun-
damental flame response remains unchanged and a phase shift in the
high-frequency flame response is predicted (Fig. 6b). The compar-
isons shown in Figs. 6a and 6b suggest that the standard time step
and the standard grid distribution are adequate to capture the dy-
namic characteristics of the time-dependent Burke—Schumann dif-
fusion flame studied. Tt is noted that the high-frequency response is
masked by numerical diffusion error in the simulation using the first-
order upwind scheme or the power-law approximations (Fig. 6c).
The numerical diffusion error is quite severe; for example, only
when the grid resolution is refined to 200 (axial) by 100 (radial),
the higher-frequency oscillation begins to set in as shown in Fig. 7.
The comparisons shown in Figs. 6 and 7 suggest that a higher-order
scheme of spatial discretization is desired for simulation of the time-
dependent diffusion flame examined.

To illustrate the high-frequency components in the simulation
and in the experimental flame, the power spectrum density plots are
shown in Fig. 8. The spectrum of the simulation is based on the
time evolution of the predicted flame length. The experimental data

250 - y
. Temp(;ral R&solultion Test; dUICK & F!CT
200 Time Step

125 s <

150

100

50
0 1 1
a) Different marching time steps
250

T T T T
Grid Resolution Test; QUICK & FCT
Grid Distribution

180x75

200 i

150F

100 12060

50

0 1
b) Different grid distributions
250 T Y T T
Scheme Test; 120x60
__200F  QUICK & FCT N QUICK
g
E Power-Law J
e 150F Approximation &g
4 24
Z / 1
T 100L ' p .
=] ¥ First-Order 3}
] Upwind 34
= S0k 3
0 L L
0 200 400 600 800 1000
Time {ms)

¢) Different numerical schemes

Fig. 6 Comparison of the time trace of the flame height of BSDT with
fuel and air inlet velocities equal to 0.4 m/s and fuel jet subject to a 2-Hz
periodic perturbation.

0.20 T T T T T
First-Order Upwind
= Grid
B 015 8
= 200x100
20
a
~ 0.10 N ]
£
<
[
0.05
120x60
0.00 L L . L

0.00 0.10 0.20 0.30 0.40 0.50 0.60
Time (s)

Fig. 7 Comparison of two grid distributions using an upwind scheme
for prediction of the time trace of the flame height of BSDF with fuel
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are taken by laser deflection measurements at axial height of 125
mm above the burner.’® The laser deflection is a result of the local
refractive index change that results from the flame oscillation. The
high-frequency components in the range 20-24 Hz are evident in
the simulation when the QUICK scheme with or without FCT is
used. The predicted high-frequency oscillation is in agreement with
the experimental spectrum, in which frequency components around
22 Hz are observed.
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A thorough investigation of the underlying physics responsible
for the observed higher-frequency oscillation is beyond the scope of
this paper. An examination of predicted vorticity contours suggests
that the oscillation is a result of the interaction between the vortex
formed near the flame tip (or tip vortex) and the flame and is an
unsteady-flow phenomenon. As an example, Fig. 9 illustrates the
predicted time evolution of the flame (stoichiometric) surface and
the vorticity contour of a perturbed BSDFE. The fuel and air inlet
velocities are set to 0.4 m/s. A sine wave perturbation at 1 Hz with
amplitude equal to 100% of the mean velocity value is imposed on
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Fig. 8 Power spectrum densities of the time trace of the flame height

of BSDF with fuel and air inlet velocities equal to 0.4 m/s and fuel jet
subject to a 2-Hz periodic perturbation.

Time (s

the fuel-jet velocity. Five frames of the predicted flame and vorticity
contours at time intervals of 0.2 s, or phase angle interval of 72 deg,
are shown to illustrate the evolution during one forcing cycle. At
time equal to 0 s, the fuel-jet velocity is near the lowest value. When
the fuel-jet velocity increases, the flame length increases and the tip
vortex is formed outside the flame, e.g., at time equal to 0.4 s shown
in Fig. 9. The tip vortex convects downstream and merges with a
preceding vortex in the post flame region as shown by the [rames at
time equal to 0.6 and 0.8 s. To illustrate the high-frequency flame
oscillation and the flame tip cutting, 10 frames in the time period
0.81 to 0.90 s at time intervals of 0.01 s, or phase angle intcrval
of 3.6 deg, are shown in Fig. 9. During this time period, the flame
tip oscillates with time, although the fuel-jet velocity continues to
decrease. The oscillation appears to be a result of the necking and
bulging of the flame as a result of the tip vortex interaction with the
flame. Periodic vortex formation near the flame tip can be seen from
Fig.9,e.g., attime equal to 0.8 1 and 0.86 s, and the vortex merging in
the postflame region at time equal to 0.83 and 0.84 s. The simulation
also shows cutting of the flame tip at time equal to 0.88 s, showing
a detached flame parcel from the main body of the flame. The high-
frequency flame oscillation or vortex—flame interaction, however,
disappears when a forcing frequency higher than 4 Hz is applied to
the fuel jet or gravity is set to zero in the computation. Therefore, the
numerical simulation suggests that buoyant acceleration is essential
to the observation of high-frequency flame oscillation around 20 Hz
when a periodic perturbation at 1 or 2 Hz is applied to the fuel-jet
velocity of an otherwise steady BSDF.

Summary and Conclusions

A numerical model for simulation of the time-dependent, lami-
nar diffusion flame is presented. The numerical model uses a semi-
implicit scheme for time marching and incorporates FCT for convec-
tion terms and the projection method for velocity-pressure coupling.
A direct solver is used for solving the pressure Poisson equation.
The numerical model is first-order accurate in time discretization
and second-order in space discretization and adopts an explicit treat-
ment for the convection term and implicit treatment for the diffusion
term. The space difference scheme is based on the QUICK with FCT.
Theoretical assessments are established for the order of accuracy of
time discretization by viewing the projection method as an LU de-
composition. Formulation is derived for the second-order accuracy
of time differcnce. However, excessive computational times are re-
quired to achieve the second-order accuracy because the coefficient
matrix of the direct solver (for pressure Poisson equation) varies
at each time step. The results based on the first-order time difter-
ence scheme are shown to be adequate to resolve the dynamics of
the flame considered. The semi-implicit treatment in the numerical
code relaxes the time-step size restriction as a result of the von Neu-
mann stability criterion of an explicit scheme. The time-step size is
increased by 10-fold and the CPU time is decreased to one-third.
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equal to 0.4 m/s and fuel jet subject to a 1-Hz periodic perturbation.
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The numerical model is tested by computing the Smith-Hutton
problem and Burke—Schumann diffusion flame with or without ex-
ternal forcing of the fuel jet. Four numerical schemes are exam-
ined: the second-order QUICK with FCT (current numerical model),
QUICK without FCT, a first-order upwind, and a power-law approx-
imation. The Smith—Hutton problem is used as a test case to verify
the semi-implicit treatments and to assess the numerical error. The
results show that significant numerical diffusion error exists in the
solution based on the first-order upwind difference scheme and spu-
rious oscillations based on the second-order QUICK scheme with-
out FCT. For simulation of the Burke-Schumann diffusion flame
with external forcing of the fuel jet, a fundamental response of the
flame is predicted by all four numerical schemes tested. However,
the current numerical model also predicts a high-frequency flame
response around 20 Hz when a 1- or 2-Hz sine wave periodic pertur-
bation is applied to the fuel jet. The high-frequency response is also
observed in the experiment. The simulation shows that the high-
frequency response is a result of periodic formations of vortex near
and around the tip of the flame and the interaction with the flame.
This high-frequency response disappears in the simulation when the
forcing frequency is increased above 4 Hz, as well as when gravity
is set to zero in the calculation. The existence of the high-frequency
flame oscillation and the interaction of the flame with tip vortex is
masked by numerical diffusion error resulting from the use of a first-
order upwind difference scheme or power-law approximations. The
present study suggests that a higher-order scheme for space difter-
ence should be used for simulation of the time-dependent laminar jet
diffusion flame studied, although a first-order scheme would be ad-
equate for time difference. The grid dependence of the flame length
prediction is evaluated; the predicted flame length is within £1 grid
or £3 mm for grid distributions examined.
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